MAPPINGS OF FINITE DISTORTION: FORMATION 
OF EXPONENTIAL CUSP 

CHANGYU GUO 

f~^ ' Abstract. We consider a quasi-convex planar domain il with a 

T— I , rectifiable boundary but containing an exponential cusp and show 

^D ' that there is no homeomorphism / : K^ — > R^ of finite distortion 

^ ; with exp(Ai^) G iLc(l^^) for some A > such that f{B) = Q. 

^^' On the other hand, if we only require that Kf{x) £ Lf^^(R'^), then 

, ^ I such an / exists. 

S: 

1. Introduction 

1"^ i The concept of quasidisk is central in the theory of planar quasicon- 

>-^ I formal mappings; see, for example, [H IH El |T3]. One calls a Jordan 

T^ • domain fi C M^ a quasidisk if it is the image of the unit disk under 

d . a quasiconformal mapping /: M^ — )■ M^ of the entire plane. If / is 

S I i^- quasiconformal, we say that f2 is a i^-quasidisk. 

I A substantial part of the theory of quasiconformal mapping has re- 

y—i • cently been shown to extend in a natural form to the setting of map- 

-^ . pings of locally exponentially integrable distortion [21 HI [9l HOI HI]. 

T^ I However, very little is known about the analogues of the concept of a 

OO I quasidisk. For the model domain 

Un ■ (1) ^s = {(xi, 0:2) G M2 : < a;i < 1, |X2| < xl+'} U B{x„ r,), 

o ■ 

O ! where Xs = {s + 2, 0) and r^ = a/(s + 1)^ + 1, s > 0, the situation is 

^ ' rather well understood: Qs = f{B{0, 1)) under a homeomorphism with 

>• ■ locally A-exponentially integrable distortion if A < 2/s, but this cannot 

K^ ! happen when A > 2/s, see [12]. Moreover, if / is additionally required 

H I to be quasiconformal in -8(0, 1), then the critical bound for A is 1/s, 

■ ■ ■ ' see [11]. While for the domain 

(2) A, = B{x'„ r^) \ {{xu X2) eR^:x^>0, \x2\ < xl+'}, 

where x'^ = (— s, 0) and r^ = a/(s + 1)^ + 1, s > 0, it is proven in [7] 
A5 = f{B{0, 1)) under a homeomorphism with locally A-exponentially 
integrable distortion for A < 2/s, but this cannot happen if / is addi- 
tionally required to be quasiconformal in -8(0, 1). One may guess the 
reason for this is that the domain Qg is quasi-convex while A^ is not. 
However, this turns out not to be the case. 
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For the exponential cusp domain 

(3) Q = {{xi, X2) G M : < Xi < 1, |x2| < e -1 } U B{xo, Tq), 



where Xq = 2,ro = Wl + ^, as the image of the unit disk B under 
a planar homeomorphism of finite distortion, we have the following 
result. 

Theorem A. There is no homeomorphism /: M^ — )■ R^ of finite dis- 
tortion with exp(AK) G Lj^^iM?) for some A > such that f{B) = Q. 
While for any p > 0, there is a homeomorphism /: M^ — > M^ of finite 
distortion with Kf{x) G -^^^^(M^) such that f{B) = Q. 

2. Notation and Definitions 

We sometimes associate the plane M^ with the complex plane C for 
convenience. The closure of a set f/ C M^ is denoted U and the bound- 
ary dU. The open disk of radius r > centered at x G M^ is de- 
noted B{x,r) and in the case of the unit disk we omit the centre and 
the radius, writing B := B{0,1). The symbol Q always refers to a 
domain, i.e. a connected and open subset of R^. We call a homeo- 
morphism /: fi — )■ /(f2) C R^ a homeomorphism of finite distortion if 
/G<'J(fi;R2)and 

(4) \\Df{x)f < K{x)Jf{x) a.e. in ft, 

for some measurable function K{x) > 1 that is finite almost every- 
where. In the distortion inequality (j4]), Df{x) is the formal differential 
of / at the point x and Jf{x) := det Df{x) is the Jacobian. The norm 
of Df{x) is defined as 

\\Dfix)\\:=max\Dfix)e\. 

For a homeomorphism of finite distortion it is convenient to write Kj for 
the optimal distortion function. This is obtained by setting Kf{x) = 
\\Df{x)\\'^/Jf{x) when Df{x) exists and Jf{x) > 0, and Kf{x) = 1 
otherwise. The distortion of / is said to be locally A-exponentially 
integrable if exp(Ai^/(x)) G Ll^^{Q), for some A > 0. Note that if we 
assume Kf{x) to be bounded, we recover the class of quasiconformal 
mappings (cf. [13J); recall that Jf G Ll^^{Q) for each homeomorphism 
/G<;^(^;R2)(cf. [3J). 

Next we define the two central tools for us - the modulus of a path 
family and the capacity. Let E and F be subsets of fl. We denote 
by T{E, F, Q) the path family consisting of all locally rectifiable paths 
joining E to F in Q. A Borel function p: R^ — t- [0, 00] is said to be 
admissible for T{E,F,n) ii J pds > 1 for all 7 G T{E,F,n). The 
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modulus of a path family F := T{E, F, Q) is defined as 

mod(r) := inf < / p^(x) rfx : p: M^ — t- [0, oo] is an admissible 

Borel function for F \. 



By m.odKf{x)(X) ^^ mean the i^/(a;)-weighted modulus, where instead 
of J p^(x) dx we take the infimum over J p'^{x)Kf{x) dx. 

Let E and F be disjoint compact sets in a domain ^2. Let u be 
measurable with < a;(x) < 1 almost everywhere. The w- weighted 
p-capacity of the pair (F, E) with respect to Vt is defined to be 

cap^(F, E- fi) := inf | j \Vu{x)\''uj{x) dx : u E C{n) D W^];^{n), 

u < on F and u > 1 on E>. 



Finally we note that when we write f{x) x g{x), we mean that 
g{x)/c < f{x) < cg{x) is satisfied for all x with some fixed constant 
c > 1. The notation f{x) = g{x) + (9(|x|") means that for some fixed 
constant C > we have \f{x) — g{x)\ < C|x|" when |x| is small. 

3. Auxiliary results 

We begin by introducing the following lemma, whose proof can be 
found in \T2\. 



Lemma 1. Let E G B be a continuum such that E C B{xo, 1/6) for 
some Xq G dB and F := i?(0, 1/4). Suppose that v G W^'^{B) is 
continuous and satisfies: v = on F and \im.y^xv{y) > 1 for every 
X E E. If L := J^exp{XK) < oo, for some measurable function 
K{x) > 1, then 

^ ' Jb K - \ ^ diam E 

Lemma 2. Let Q be a domain as defined in ([3]) and F G Q a compact 
set. Set d:= min{l,dist{0, F)} and letO <r < d/2. If E G {{xi,X2) G 
Vt : < \x\ < r}, then there is a Lip schitz function u on Q such that 
u = on F, lim.y^;j. u{y) = 1 for every x G E and 

(6) f \Vu\'^dx<Cr' 

for any s > 0. 
Proof. Define 

if Xi < r 

u{x,,x,) = {l-[:^^[!r^)- iir<x,<d/2 

if xi > d/2, 




and compute 
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/"^/2 dt \-2 rd/2 


r ^ 1 

/ — —dx2dxi 



""' ^ < Cr' 



_i 
e t 



for any s > 0. D 

Lemma 3. Let /: M^ — ?■ M^ be a homeomorphism of finite distortion 
such that exp{XK) e Ll^^{R'^) for some A > 0, and f{B) = Q. Let 
E'^ = {x e dQ : \x\ < t} and Et = f'^{E[). Then for alls > there 
exists to > such that for some positive constants C and C 

(7) diam Et>C exp ( — -—^ ) 

^(diam£/j) A / 

for alio <t < to- 

The proof of this lemma also can be found in [12] . 

4. Main proofs 

Theorem 1. There is no homeomorphism /: R^ — )■ R^ of finite dis- 
tortion with exp{XK) G ^^^^^^(R^) for some A > such that f{B) = Q. 

Proof. We prove it by contradiction. Suppose such a homeomorphism 
/ exists and let e > 0. Define E'^ = {x e dQ : \x\ <t}, F = 5(0, 1/4) 
and set Et = f~^{E'^, F' = f{F). From Lemma [3] we obtain to > 
such that for some positive constants C and C 



(8) diam Et>C exp (— ^-j^) 

\ ( Hipm h,'.\ X / 



for all < t < to- As / is an homeomorphism we may assume, by 
making to smaller if necessary, that Et C B{f~^{0),l/6) for all < 
t < to and diam_E^^ < dist(0,F'). By applying Lemma [2] we obtain a 
Lipschitz function u on Q such that m = 1 on E'^', -u = on F', and 



(9) / \Vu\'dx<Cf 

Jn 

for any s > 0. 

Set V = uo f and recall that if / G W^^^ {B, M^) is a homeomorphism, 

then for each non-negative measurable function u; : M^ — )• M, 



(10) wo f\Jf\< w. 

Jb Jf{B) 

Now, as / is a homeomorphism and / G M/j^'^ (]R^,R^) we know that 
Vf exists almost everywhere, |Vf | = iDfWVuo f\ is locally integrable, 
and thus v G C{B) n W^^^{B). Also, v = 1 on Et and v = on F, 



;i2) ^i(l°S5— ^)" <capi/^(F,Et;5)<C3(diamii;0^ 
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SO V is clearly admissible for capi/^(F, E'j; 5). Since / has finite ex- 
ponentially integrable distortion, we can use the distortion inequality 
together with f lTOj) to obtain the estimate 

and thus with ([9]) we readily have the inequality 
(11) cs.^yK{F,Et;B)<Cf. 

Applying Lemma [1] we obtain 

and combining with (ITT|) gives the estimate 

diam Et ■ 
Next, by combining (|8]) and ( IT2|) we obtain that for all < t < to 

C4(diamE;)^ < C3(diamE,7. 

From this it follows by taking t — t- (and thus diamii^^' — t- 0), that for 
all e > we must have s < (2 + 2£:)/A.But this is a contradiction since 
s > is arbitrary. This proves the claim. D 

Theorem 2. for any p > 0, there is a homeomorphism /: M^ — )■ M^ of 
finite distortion with Kf{x) G L^^^iM."^) such that f{B) = Q. 

Proof. The construction of the desired mapping / and the computa- 
tions regarding the distortion are similar to the ones presented in [TT|, 
[15] . For the convenience of the reader we represent the entire construc- 
tion and only omit some analogues computations for the distortion 

estimate. 

1 

The idea behind the construction is that the point {g{r), e »('■) ) will 

form the right cusp. So if we express it in polar coordinate, we will get 

]_ 

the corresponding mapping to get the right cusp, i.e. let {g{r), e »('■) ) = 

{G{r) cos6, G{r) sm6) and we obtain 




G{r) = g{r)i 1 -\ — — -e sM , ^ = arctani7(r) 



where H{r) = -jpre ^/sir) g^j^^ ^('^^ jg g^ ^^^^ function. 

We begin by mapping the unit disc B conformally onto the open 
right half plane H^ := {(xi,a;2) G M^ : a;i > 0} so that the point 
(—1,0) G dB maps to the origin. Using the complex notation we 
define this mapping /i : C — )■ C as fi{z) = {z + 1)/(1 — z). 
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Next, we define two linear functions L], : (— |, |) — )• M and L°: [f , ^] — ^ 
M by setting 

26 
V^O) = — arctanif(r) and 

TT 

no 

L°(^) = 20 - TT + (2 ) arctanff(r). 

TT 

Let z G M^ satisfy |x| < 1. We may represent x in polar coordinates, 
X = {r cos 6, r sin 6), so that < r < 1 and either 6 G (— |,^) or 
9 G [f , ^]- Using this notation, we define the mapping /2: M^ — >■ M^ 
in polar coordinates on B by setting 

'{G{r),Ll{e)) ifO<r<land0G (-f,f) 

(13) f2ir,e)= {{G{r),me)) if < r < 1 and G [f , f ] 
if r = 0, 

where G{r) = g{r)^/l + IP{r). Outside the closed unit disc B, the 
mapping /2 will be defined in a bi-Lipschitz manner. First we define 
h: 5(0,1) — )■ S{0,G{1)) by setting h{x) = f2{x) on the unit circle 
S := 5(0,1) = dB{0,l). The mapping h is clearly a bi-Lipschitz 
mapping on S. Next we set 

(14) f2(x) = \x\h(^) iixeM.^\B. 

\x\ 

A simple calculation shows that if h is an L-bi-Lipschitz mapping, then 

/2 will also be an L-bi-Lipschitz mapping on 5(0, R) for all i? > 1. This 

and the fact that |/2(a^)| = |a;|G(l) for all |x| > 1 assures that /2 will 

be a bi-Lipschitz mapping on M^ \ S and the bi-Lipschitz constant of /2 

depends only on L and G{1). 

The definition in (TT3l) gives a mapping that maps the line segment 

{(xi,X2) G M^ : Xi = 0, -1 < X2 < 1} to the set {(xi,X2) G M^ : \x2\ = 

i_ 

e "=1 , < Xi < (7(1)}, thus forming the desired cusp. 

Next, we make this cusp domain bounded by mapping the right half 
plane onto the disc i?((l/2, 0), 1/2) with the mapping /s: C — t- C, 
fsiz) = z/{z + 1) and denote Q := /3(/2(/i(5))). The mapping /s will 
somewhat alter the shape of the cusp at the origin, but not essentially 
as it will be seen. On the other hand, being conformal, it will preserve 
the size of the two aforementioned non-zero angles and will create one 
more non-zero angle at the point (1, 0). Otherwise the boundary curve 
will still be smooth. Because of these facts, there exists a sense pre- 
serving bi-Lipschitz mapping f^: M."^ — )■ M^ for which /4(f2) = Q and 
moreover: this mapping f\ can be chosen so that for some bounded 
function L{x, y) : M^ — t- [1, L], 1 < L < 00, we have that 

(^^) 77 \\^-y\ ^ 1/4(3;) - h{y)\ < L{x,y)\x-y\ 
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and L{x, y) ^ 1 when |x| + \y\ -^ 0. To justify this last claim we notice 
that by substituting z = t + ie~^/* to z/{z + 1), the boundary of cusp 
takes the form (t + o(|tp), e~^/*) for small t. 



Finally we will set / : 



-> 



^ fix) = /4 o /s o /2 o fi{x). Here /a 



is the homeomorphic extension of /2 to C obtained by setting f2{x) = 
f2{x) when x is finite and /2(oo) = oo. This definition clearly gives us 
a sense preserving homeomorphism for which f{B) = Q. 

Next we show that the distortion function of / satisfies the required 
conditions. In fact, it will be enough to compute the distortion of /2, 
because the conformal mappings /i and f^ do not give any contribution 
to it and the contribution of the bi-Lipschitz mapping /4 will be in fact 
a bounded multiplier that goes to one when we approach the origin. 
The latter claim follows from the facts that the distortion of an L-bi- 
Lipschitz mapping is L^, and /4 satisfies the inequality flTSl) . 

Outside the unit disc B the mapping /2 is quasiconformal, as it is 
seen directly from the definition to be sense preserving and bi-Lipschitz 
there. Hence we need to show that /2 has an L^-integrable distortion 
in 5. 

As computed in [HI [15], for the case 9 G [0,7r/2], the resulting 
differential matrix is 



(16) 



dr 



GJr) 







Gsir)iLm ^iim. 



v^T+H^Fy 



[g'{r){l+H^{r))+gir)H{r)H'{r)] 
g{r)H'{r) 



2 g(r) 



'^ Vl + -H2(r) 



y'l+J?2(r)arctan H(r) 



for the case 6 G [f , %-], the differential matrix 



dr 



GJr) 







GArld_j^o^Qy 



Gs{r)iLm ^ ,,. 

W{r){l+H\r))+g{r)H(r)H'{r)\ 
^-^'"^ g{r)H'{r) 



^l+H^M 







Now, if we choose the test function g{r) 
calculation shows 



(2- f arctan H{r)) SM. ^l+H^r) 

^ then a direct 



log log 



J; 



(17) 



Kf^ (x) < C log — ■ log log — 



2 2 

— ■ log log — 

\x\ \x\ 

The estimate (flTl) show that Kf^{x) G L^{B) for all p > 0. 

As mentioned before, /i and /s do not give any contribution to the 
distortion of / and the contribution of f^ is a bounded multiplier that 
goes to one when one approaches the origin. Moreover, /i is bi-Lipschitz 
in f-^{B). Thus the distortion Kf{x) of / satisfies Kf{x) G Ll^^{^^) 
for all p > 0. n 
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